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Let V be an m-dimensional discrete valuation domain. It is known
that the power series ring V [[x]] has t-dimension m. We will show
that V [[x1, . . . , xn]] has t-dimension 2m − 1 for all n 2.
© 2010 Elsevier Inc. All rights reserved.
Let D be an integral domain with quotient ﬁeld K . For a nonzero fractional ideal I of D , I−1 =
(D : I) = {u ∈ K | uI ⊆ D}, I v = (I−1)−1, and It = ⋃{ J v | J is a nonzero ﬁnitely generated subideal
of I}. If I = I v (resp., I = It ), then I is called a v-ideal or a divisorial ideal (resp., a t-ideal). Every
proper t-ideal is contained in a maximal t-ideal, every maximal t-ideal is a prime ideal, and any
prime ideal minimal over a t-ideal is a prime t-ideal. In particular, height 1 prime ideals are t-ideals.
For a prime t-ideal P of D , the t-height of P , denoted by t-ht P , is the supremum of the lengths of
chains of prime t-ideals between (0) and P . (Here, we include (0) as a prime t-ideal.) The t-dimension
of D is deﬁned to be t-dim D = sup{t-ht P | P is a prime t-ideal of D}.
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D is a Krull domain, then every t-ideal is divisorial and every height 1 prime ideal of D is a maximal
divisorial ideal, and hence t-dim D = 1.
In this paper, we are interested in the t-dimension of power series rings.
In 1973, J.T. Arnold introduced the concept of “SFT”. It has played an important role in computing
the Krull dimension of power series rings. Let R be a commutative ring with identity. An ideal I of
R is called an SFT-ideal if there exist a positive integer k and a ﬁnitely generated subideal J of I
such that ak ∈ J for each a ∈ I . The ring R is called an SFT-ring if each (prime) ideal of R is an SFT-
ideal. Arnold has proved that if R is not an SFT-ring, then dim R[[x]] = ∞ [A1, Theorem 1]; on the
other hand, if V is an m-dimensional SFT valuation domain, then dim V [[x1, . . . , xn]] = mn + 1 [A2,
Theorem].
It is easy to check that a valuation domain V is an SFT-ring if and only if P = P2 for each nonzero
prime ideal P of V . A valuation domain V is said to be discrete if each primary ideal of V is a
power of its radical. Thus, if V is an SFT valuation domain, then it is discrete by [G2, Theorem 17.3].
In particular, a ﬁnite-dimensional valuation domain is an SFT-ring if and only if it is discrete, again
by [G2, Theorem 17.3].
It is shown in [KP2, Proposition 3.2] that if V is a nonSFT valuation domain, then t-dim V [[x]] = ∞;
in fact, t-dim V [[x1, . . . , xn]] = ∞ for all n 1, which can be obtained by combining the proofs of [KP1,
Corollary 3.9] and [KP2, Proposition 3.2].
In [DH, Proposition 4.1], it is shown that if V is a ﬁnite-dimensional discrete valuation domain,
then t-dim V [[x]] = t-dim V = dim V .
In this paper we show that if V is an m-dimensional discrete valuation domain, then
t-dim V [[x1, . . . , xn]] = 2m−1 for all n 2 and t-dim V [[{xλ}λ∈Λ]]1 = 2m−1 for any inﬁnite set {xλ}λ∈Λ
of indeterminates over V .
These results are already known in the case m = 1. If V is a 1-dimensional DVR, then
V [[x1, . . . , xn]] is a regular UFD [S, Corollary 2.2] and hence a Krull domain. The power series ring
V [[{xλ}λ∈Λ]]1 is also a Krull domain [G1, Theorem 2.1]. Thus it follows that t-dim V [[x1, . . . , xn]] = 1 =
t-dim V [[{xλ}λ∈Λ]]1.
Throughout the paper, V denotes a ﬁnite-dimensional discrete valuation domain with dim V =m
and maximal ideal M . For each positive integer n, Xn = {x1, . . . , xn} is a set of analytic indeterminates
over V and we write V [[Xn]] instead of V [[x1, . . . , xn]]. If {xλ}λ∈Λ is an inﬁnite set of indeterminates
over V , then V [[{xλ}λ∈Λ]]1 denotes the ﬁrst type power series ring, i.e., V [[{xλ}λ∈Λ]]1 = ⋃{V [[F ]] |
F is a ﬁnite subset of {xλ}λ∈Λ}.
Lemma 1.
(1) If Q is a prime ideal of V [[Xn]] with Q ∩ V = P , then Q ⊇ P [[Xn]].
(2) For each nonzero prime ideal P of V , P [[Xn]] is a divisorial prime ideal of V [[Xn]].
Proof. (1) See [A3, Proposition 2.1].
(2) It is well known that every nonzero non-maximal prime ideal P of a valuation domain W is
divisorial. In fact, (W : P ) = WP and (W : WP ) = P . In an SFT valuation domain, its maximal ideal is
principal and hence divisorial. Let P be a nonzero prime ideal of V . Then P [[Xn]] is a prime ideal of
V [[Xn]] and (P [[Xn]])v = Pv [[Xn]] = P [[Xn]] by [DH, Proposition 2.1]. Thus P [[Xn]] is a divisorial prime
ideal of V [[Xn]]. 
Lemma 2. M[[Xn]] is the only prime t-ideal of V [[Xn]] which contracts to M in V .
Proof. By Lemma 1, it suﬃces to show that M[[Xn]] is a maximal t-ideal.
Let P be the prime ideal of V such that ht(M/P ) = 1. If P = (0), then V is a 1-dimensional DVR
and hence t-dim V [[Xn]] = 1. Obviously, M[[Xn]] is a maximal t-ideal.
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V V /P
V P V P /P = V P /P V P ∼= q. f .(V /P ).
Since (M/P )−1 = M−1/P by [FG, Proposition 1.8(a)], (M[[Xn]]/P [[Xn]])−1 ∼= ((M/P )[[Xn]])−1 =
(M/P )−1[[Xn]] = (M−1/P )[[Xn]] ∼= M−1[[Xn]]/P [[Xn]], where the ﬁrst equality follows from [DH,
Proposition 2.1]. The isomorphisms at both ends are canonical, so we have (M[[Xn]]/P [[Xn]])−1 =
M−1[[Xn]]/P [[Xn]].
Let Q be a prime ideal of V [[Xn]] properly containing M[[Xn]]. We will show that Q is not
a t-ideal. Since V /P is a 1-dimensional DVR, (V /P )[[Xn]] ∼= V [[Xn]]/P [[Xn]] is a Krull domain and
hence t-dim(V [[Xn]]/P [[Xn]]) = 1. Therefore, (Q /P [[Xn]])t = V [[Xn]]/P [[Xn]], i.e., there exists a ﬁnitely
generated subideal I of Q such that ((I + P [[Xn]])/P [[Xn]])v = V [[Xn]]/P [[Xn]]. This implies that
((I + P [[Xn]])/P [[Xn]])−1 = V [[Xn]]/P [[Xn]].
From the inclusions P [[Xn]] ⊆ I + P [[Xn]] ⊆ V [[Xn]], it follows that V P [[Xn]] = P−1[[Xn]] =
(P [[Xn]])−1 ⊇ (I+ P [[Xn]])−1 ⊇ V [[Xn]], i.e., V P [[Xn]]/P [[Xn]] ⊇ (I+ P [[Xn]])−1/P [[Xn]] ⊇ V [[Xn]]/P [[Xn]].
Since ((I + P [[Xn]])/P [[Xn]])((I + P [[Xn]])−1/P [[Xn]]) ⊆ V [[Xn]]/P [[Xn]], we have (I + P [[Xn]])−1/
P [[Xn]] ⊆ ((I + P [[Xn]])/P [[Xn]])−1 = V [[Xn]]/P [[Xn]]. Therefore, (I + P [[Xn]])−1 = V [[Xn]], i.e., (I +
P [[Xn]])v = V [[Xn]].
Choose a ∈ P \ P2, so that P2  aV ⊆ P . Then ((I + P [[Xn]])2)v ⊆ (I + P2[[Xn]])v ⊆ (I + aV [[Xn]])v .
Since ((I + P [[Xn]])2)v = (((I + P [[Xn]])v)2)v = V [[Xn]], (I + aV [[Xn]])v = V [[Xn]]. This implies that
Qt = V [[Xn]], because I + aV [[Xn]] is a ﬁnitely generated ideal contained in Q . Thus Q is not a t-
ideal. 
Lemma 3. If Q is a prime t-ideal of V [[Xn]] which contracts to 0 in V , then ht Q = 1.
Proof. If dim V = 1, then the statement is obvious. Assume dim V > 1. Let Q be a prime ideal of
V [[Xn]] such that Q ∩ V = (0) and ht Q > 1.
Let P be the height 1 prime ideal of V . Then V P is a 1-dimensional DVR. Using the fact
V [[Xn]]V \(0) = V P [[Xn]]V P \(0) , then Q ′ := Q V [[Xn]]V \(0) ∩ V P [[Xn]] is a prime ideal of V P [[Xn]] with
ht Q ′ = ht Q > 1. Since t-dim V P [[Xn]] = 1, it follows that (Q ′)v = V P [[Xn]], i.e., (V P [[Xn]] : Q ′) =
V P [[Xn]]. Since V P [[Xn]] is Noetherian, Q ′ is ﬁnitely generated and so Q ′ = I V P [[Xn]] for some ﬁnitely
generated fractional ideal I of V [[Xn]]. Then P [[Xn]]Q ′ = P [[Xn]]I V P [[Xn]] = P [[Xn]]I ⊆ I . Therefore,
(V [[Xn]] : I) ⊆ (V [[Xn]] : P [[Xn]]Q ′) = ((V [[Xn]] : P [[Xn]]) : Q ′) = ((V : P )[[Xn]] : Q ′) = (V P [[Xn]] : Q ′) =
V P [[Xn]], and hence I v ⊇ (V [[Xn]] : V P [[Xn]]) = (V : V P )[[Xn]] = P [[Xn]]. Choose a ∈ P \ P2. Then
(aI)v ⊇ aP [[Xn]] = P2[[Xn]].
Now aI ⊆ P [[Xn]]Q ′ ⊆ Q ′ ∩ V [[Xn]] = Q and aI is a ﬁnitely generated ideal of V [[Xn]]. Therefore,
if Q is a prime t-ideal of V [[Xn]], then P2[[Xn]] ⊆ (aI)v ⊆ Qt = Q , i.e., P [[Xn]] ⊆ Q . This contradicts
Q ∩ V = (0). Thus Q is not a prime t-ideal of V [[Xn]]. 
Lemma 4. Every height 1 prime ideal of V [[Xn]] is divisorial.
Proof. If dim V = 1, then V [[Xn]] is a Krull domain and hence every t-ideal is divisorial. In particular,
every height 1 prime ideal is divisorial.
Assume dim V > 1. Let Q be a height 1 prime ideal of V [[Xn]]. If Q ∩ V = P = (0), then
Q ⊇ P [[Xn]]. Since ht Q = 1, Q = P [[Xn]] (which is possible only when ht P = 1 and n = 1 by [A3,
Theorem 3.6]), and it is divisorial by Lemma 1.
Assume Q ∩ V = (0). Let P be the height 1 prime ideal of V and let W = V P . Then W is a
1-dimensional DVR and W [[Xn]]W \(0) = V [[Xn]]V \(0) . Let Q ′ := Q V [[Xn]]V \(0) ∩ W [[Xn]]. Then Q ′ is
a height 1 prime ideal of the UFD W [[Xn]], and hence Q ′ is principal. Since W [[Xn]] is a divisorial
fractional ideal of V [[Xn]], Q ′ also is a divisorial fractional ideal of V [[Xn]]. Thus Q = Q ′ ∩ V [[Xn]] is
a divisorial ideal of V [[Xn]]. 
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Proof. Let n  2. By Lemmas 1 and 3, t-ht P [[Xn]]  2. Since ht P [[Xn]] = n  2 [A3, Theorem 3.6],
there exists a height 1 prime ideal Q properly contained in P [[Xn]]. Since every height 1 prime ideal
is a t-ideal, t-ht P [[Xn]] 2. Thus we have t-ht P [[Xn]] = 2. 
Lemma 6. Let Q be a prime t-ideal of V [[Xn]] which contracts to P in V . Then ht(Q /P [[Xn]]) 1.
Proof. By Lemmas 2 and 3, we may assume P = (0) and P = M . By Lemma 1, P [[Xn]] ⊆ Q , so we can
assume that P [[Xn]] Q .
Let P1 be the prime ideal of V such that ht(P1/P ) = 1. Set V¯ := V /P , P¯1 := P1/P , and Q¯ :=
Q /P [[Xn]]. Then V¯ is a ﬁnite-dimensional discrete valuation domain and Q¯ is a nonzero prime ideal
of V¯ [[Xn]] with Q¯ ∩ V¯ = (0).
Case 1. dim V¯ = 1.
Since V¯ [[Xn]] is Noetherian, Q¯ is ﬁnitely generated. Thus there exists a ﬁnitely generated ideal J of
V [[Xn]] such that Q = J + P [[Xn]]. Choose c ∈ P \ P2. Then P2  cV ⊆ P , and hence Q is minimal over
( J+cV [[Xn]])v . This implies that ( J+cV [[Xn]])v = V [[Xn]]. Since (( J+ P [[Xn]])v)2 ⊆ (( J+ P [[Xn]])2)v ⊆
( J + P2[[Xn]])v ⊆ ( J + cV [[Xn]])v  V [[Xn]], we have ( J + P [[Xn]])v = V [[Xn]], i.e., Q v = V [[Xn]].
From the inclusions P [[Xn]] ⊆ Q ⊆ Q v  V [[Xn]], it follows that V P [[Xn]] = (P [[Xn]])−1 ⊇ Q −1 
V [[Xn]], i.e., V P [[Xn]]/P [[Xn]] ⊇ Q −1/P [[Xn]]  V [[Xn]]/P [[Xn]]. Since (Q /P [[Xn]])(Q −1/P [[Xn]]) ⊆
V [[Xn]]/P [[Xn]], we have Q −1/P [[Xn]] ⊆ (Q /P [[Xn]])−1. Thus (Q¯ )−1 = V¯ [[Xn]], i.e., (Q¯ )v = V¯ [[Xn]].
As t-dim(V¯ [[Xn]]) = 1 and Q¯ is a nonzero prime ideal of V¯ [[Xn]] contained in (Q¯ )v , we must have
Q¯ = (Q¯ )v and ht Q¯ = 1.
Case 2. dim V¯ > 1.
Suppose that ht Q¯ > 1. Then by Lemma 3, Q¯ is not a prime t-ideal of V¯ [[Xn]]. In fact, there exists
a ﬁnitely generated subideal J¯ of Q¯ such that ( J¯ )v ⊇ ( P¯1)2[[Xn]] (see the proof of Lemma 3). Then
( J¯ )−1 ⊆ (V¯ [[Xn]] : ( P¯1)2[[Xn]]) = ((V¯ [[Xn]] : P¯1[[Xn]]) : P¯1[[Xn]]) = (V¯ P¯1 [[Xn]] : P¯1[[Xn]]), where the last
equality follows from that dim V¯ > 1, i.e., P¯1 is a nonzero non-maximal prime ideal of V¯ . Choose
a ∈ P1 \ P21 . Since P¯1 = aV¯ P¯1 , a( J¯ )−1 ⊆ V¯ P¯1 [[Xn]].
Let J be a ﬁnitely generated ideal of V [[Xn]] such that J V¯ [[Xn]] = J¯ . Then a(( J + P [[Xn]])/
P [[Xn]])−1 ⊆ V¯ P¯1 [[Xn]] ∼= V P1 [[Xn]]/P [[Xn]]. Since P [[Xn]] ⊆ J + P [[Xn]] ⊆ V [[Xn]], V P [[Xn]] =
(P [[Xn]])−1 ⊇ ( J + P [[Xn]])−1 ⊇ V [[Xn]]. Therefore, V P [[Xn]]/P [[Xn]] ⊇ ( J + P [[Xn]])−1/P [[Xn]] ⊇
V [[Xn]]/P [[Xn]]. Since (( J + P [[Xn]])/P [[Xn]])(( J + P [[Xn]])−1/P [[Xn]]) ⊆ V [[Xn]]/P [[Xn]], it follows that
( J + P [[Xn]])−1/P [[Xn]] ⊆ (( J + P [[Xn]])/P [[Xn]])−1. Therefore, a( J + P [[Xn]])−1 ⊆ V P1 [[Xn]], and hence
( J + P [[Xn]])v ⊇ a(V [[Xn]] : V P1 [[Xn]]) = aP1[[Xn]] = P21[[Xn]].
Choose c ∈ P \ P2. Since P2  cV ⊆ P , ( J + cV [[Xn]])v ⊇ ( J + P2[[Xn]])v ⊇ (( J + P [[Xn]])2)v ⊇ (( J +
P [[Xn]])v)2 ⊇ P41[[Xn]]. Since Q is a prime t-ideal of V [[Xn]] and J + cV [[Xn]] is a ﬁnitely generated
ideal of V [[Xn]] contained in Q , ( J +cV [[Xn]])v ⊆ Q , i.e., P41[[Xn]] ⊆ Q . This implies that P1[[Xn]] ⊆ Q .
But since Q ∩ V = P  P1, we reach a contradiction. Thus ht Q¯ must be equal to 1. 
Lemma 7. Let Q be a prime t-ideal of V [[Xn]] such that Q ∩ V = P and Q  P [[Xn]]. If ht(M/P ) = 1, then
Q is a maximal t-ideal of V [[Xn]].
Proof. Suppose there exists a prime t-ideal Q ′ of V [[Xn]] such that Q  Q ′ . By Lemma 6, Q ′ ∩V = M ,
and then by Lemma 2, Q ′ = M[[Xn]]. Thus we have a chain P [[Xn]]  Q  Q ′ = M[[Xn]] of prime
ideals. This is a contradiction to ht(M[[Xn]]/P [[Xn]]) = 1 [A3, Theorem 3.6]. 
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a divisorial prime ideal Q of V [[Xn]] with P0[[Xn]] Q  P [[Xn]] for each n 2.
Proof. Let n  2, and let V¯ := V /P0, P¯ := P/P0, V P := V P /P0 ∼= V¯ P¯ . Then V¯ is a ﬁnite-dimensional
discrete valuation domain and P¯ is a height 1 non-maximal prime ideal of V¯ . Since ht( P¯ [[Xn]]) = n 2
[A3, Theorem 3.6], there exists a height 1 prime ideal Q¯ of V¯ [[Xn]] such that Q¯  P¯ [[Xn]]. Since
Q¯ ∩ V¯ = (0) and V¯ [[Xn]]V¯ \(0) = V P [[Xn]]V P \(0) , Q¯ = Q ′ ∩ V¯ [[Xn]] for some height 1 prime ideal Q ′ of
V P [[Xn]]. Since V P is a 1-dimensional DVR, V P [[Xn]] is a UFD, and hence Q ′ = f ′V P [[Xn]] for some
prime element f ′ ∈ V P [[Xn]].
Note that f ′ /∈ P¯ [[Xn]]. Suppose that f ′ ∈ P¯ [[Xn]]. Since P¯ [[Xn]] is a height 1 prime ideal of V P [[Xn]],
we get that f ′V P [[Xn]] = P¯ [[Xn]]. Hence Q¯ = f ′V P [[Xn]] ∩ V¯ [[Xn]] = P¯ [[Xn]], which contradicts that
Q¯ ∩ V¯ = (0).
If f ′ ∈ (Xn)V P [[Xn]], then choose a nonzero prime element a′ of V P and let g′ := a′ + f ′ . It is easy
to check that g′ is a prime element of V P [[Xn]]. Thus g′V P [[Xn]] is a height 1 prime ideal of V P [[Xn]].
Claim. g′V P [[Xn]] ∩ V¯ [[Xn]] P¯ [[Xn]].
Let g′h′ ∈ V¯ [[Xn]], where h′ ∈ V P [[Xn]]. Since a′h′ ∈ P¯ [[Xn]] ⊆ V¯ [[Xn]], f ′h′ ∈ V¯ [[Xn]]. Since Q¯ =
f ′V P [[Xn]] ∩ V¯ [[Xn]] ⊆ P¯ [[Xn]], f ′h′ ∈ P¯ [[Xn]] and hence g′h′ = a′h′ + f ′h′ ∈ P¯ [[Xn]]. Thus we have
g′V P [[Xn]] ∩ V¯ [[Xn]] ⊆ P¯ [[Xn]].
Suppose the equality holds. Then P¯ [[Xn]] ⊆ g′V P [[Xn]]. Since ht( P¯ [[Xn]]) = ht(g′V P [[Xn]]) = 1 in
V P [[Xn]], P¯ [[Xn]] = g′V P [[Xn]]. But since a′ ∈ P¯ and f ′ /∈ P¯ [[Xn]], g′ = a′ + f ′ /∈ P¯ [[Xn]], a contradiction.
By replacing f ′ with g′ (and consequently, replacing Q¯ with g′V P [[Xn]]∩ V [[Xn]]), we may assume
that f ′ /∈ (Xn).
Consider the following pullback diagram:
V [[Xn]] V [[Xn]]/P0[[Xn]] ∼= (V /P0)[[Xn]] = V¯ [[Xn]]
V P [[Xn]]
ϕ
V P [[Xn]]/P0[[Xn]] ∼= (V P /P0)[[Xn]] = V P [[Xn]],
where ϕ is the canonical epimorphism.
Let Q := ϕ−1(Q¯ ) and let f ∈ V P [[Xn]] \ P [[Xn]] such that ϕ( f ) = f ′ . Then Q /P0[[Xn]] =
f (V P [[Xn]]/P0[[Xn]]) ∩ (V [[Xn]]/P0[[Xn]]), i.e., Q = ( f V P [[Xn]] + P0[[Xn]]) ∩ V [[Xn]] = ( f V P [[Xn]] ∩
V [[Xn]]) + P0[[Xn]].
Since Q ⊆ f V P [[Xn]] + P0[[Xn]], Q −1 ⊇ (V [[Xn]] : ( f V P [[Xn]] + P0[[Xn]])) = (V [[Xn]] : f V P [[Xn]]) ∩
(V [[Xn]] : P0[[Xn]]) = 1f P [[Xn]]∩V P0 [[Xn]] and hence f Q −1 ⊇ P [[Xn]]∩ f V P0 [[Xn]]. Since f ∈ V P [[Xn]] ⊆
V P0 [[Xn]] and f ′ = ϕ( f ) /∈ (Xn), the constant term of f is not in P0 = P0V P0 . Therefore, f is a unit
element of V P0 [[Xn]]. Hence f Q −1 ⊇ P [[Xn]] ∩ f V P0 [[Xn]] = P [[Xn]] ∩ V P0 [[Xn]] = P [[Xn]]. Thus we
have Q v ⊆ f (V [[Xn]] : P [[Xn]]) = f V P [[Xn]], and so Q = ( f V P [[Xn]] ∩ V [[Xn]]) + P0[[Xn]] = f V P [[Xn]] ∩
V [[Xn]].
Since V P [[Xn]] is a divisorial fractional ideal of V [[Xn]], so is f V P [[Xn]]. Therefore Q is a divisorial
prime ideal. It is obvious that P0[[Xn]] Q  P [[Xn]]. 
Theorem 9. Let V be an m-dimensional discrete valuation domain and let x1, . . . , xn be analytic indetermi-
nates over V . Then
t-dim
(
V [[x1, . . . , xn]]
)=
{
m if n = 1,
2m − 1 if n 2.
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sition 4.1], but we give a proof for completeness. Since dim V [[x]] = m + 1 [A2, Theorem] and the
maximal ideal M + (x) of V [[x]] is not a t-ideal by Lemma 2, we get that t-dim V [[x]]m. The reverse
inequality follows from Lemma 1(2).
Let n 2 and let Spec(V ) = {(0) ⊂ P1 ⊂ P2 ⊂ · · · ⊂ Pm−1 ⊂ Pm = M}. Consider a chain (0) ⊂ Q 1 ⊂
Q 2 ⊂ · · · ⊂ Q s of prime t-ideals of V [[Xn]]. If Q s ∩ V ⊆ Pm−1, then s  2(m − 1) + 1 = 2m − 1 by
Lemma 6. Assume that Q s ∩ V = M . By Lemma 2, we obtain that Q s = M[[Xn]]. If Q s−1 ∩ V ⊆ Pm−2,
then s− 1 2(m− 2)+ 1 and so s 2m− 1. Assume that Q s−1 ∩ V = Pm−1, then Q s−1 ⊇ Pm−1[[Xn]].
If Q s−1  Pm−1[[Xn]], then Q s−1 is a maximal t-ideal by Lemma 7, a contradiction. Thus Q s−1 =
Pm−1[[Xn]]. Then s − 2 2(m − 2) + 1 and so s  2m − 1. Thus t-dim(V [[Xn]]) 2m − 1. Meanwhile,
by Lemmas 2, 5, and 8, t-ht(M[[Xn]]) 2m−1. Therefore t-ht(M[[Xn]]) = 2m−1 and t-dim(V [[Xn]]) =
2m − 1. 
Lemma 10. Let D be an integral domain, let {xλ}λ∈Λ be an inﬁnite set of indeterminates over D, and let I be a
nonzero fractional ideal of D. Then
(1) (I D[[{xλ}λ∈Λ]]1)−1 = I−1[[{xλ}λ∈Λ]]1 = (I[[{xλ}λ∈Λ]]1)−1 and
(2) (I D[[{xλ}λ∈Λ]]1)v = I v [[{xλ}λ∈Λ]]1 = (I[[{xλ}λ∈Λ]]1)v .
Proof. Since D[[{xλ}λ∈Λ]]1 =⋃{D[[F ]] | F is a ﬁnite subset of {xλ}λ∈Λ}, we have (I D[[{xλ}λ∈Λ]]1)−1 =
(D[[{xλ}λ∈Λ]]1 : I) = ⋃F (D[[F ]] : I) = ⋃F I−1[[F ]] = I−1[[{xλ}λ∈Λ]]1 by [DH, Proposition 2.1]. It is easy
to see that I−1[[{xλ}λ∈Λ]]1 ⊆ (I[[{xλ}λ∈Λ]]1)−1 ⊆ (I D[[{xλ}λ∈Λ]]1)−1. Thus the statement (1) follows,
and the statement (2) follows from (1). 
Lemma 11. Let D be an integral domain and let {xλ}λ∈Λ be an inﬁnite set of indeterminates over D. If Q is
a prime t-ideal of D[[{xλ}λ∈Λ]]1 , then Q ∩ D[[F ]] = (0) or a prime t-ideal of D[[F ]] for any ﬁnite subset F of
{xλ}λ∈Λ .
Proof. Since D[[{xλ}λ∈Λ]]1 = ⋃{D[[F ]] | F is a ﬁnite subset of {xλ}λ∈Λ}, there exists a ﬁnite subset F
of {xλ}λ∈Λ such that Q ∩ D[[F ]] = (0). Since D[[{xλ}λ∈Λ]]1 = D[[F ]][[{xλ}λ∈Λ \ F ]]1, by replacing D with
D[[F ]], we may assume that Q ∩D = (0). Let P := Q ∩D and let I be a nonzero ﬁnitely generated ideal
of D contained in P . Then I D[[{xλ}λ∈Λ]]1 is a ﬁnitely generated ideal of D[[{xλ}λ∈Λ]]1 contained in Q .
Since Q is a t-ideal, Q ⊇ (I D[[{xλ}λ∈Λ]]1)v = I v [[{xλ}λ∈Λ]]1 by Lemma 10, and hence P = Q ∩ D ⊇ I v .
Therefore P is a prime t-ideal of D . 
Theorem 12. Let V be an m-dimensional discrete valuation domain and let {xλ} be an arbitrary inﬁnite set of
analytic indeterminates over V . Then t-dim(V [[{xλ}]]1) = 2m − 1.
Proof. Let (0) ⊂ Q 1 ⊂ Q 2 ⊂ · · · ⊂ Q s be a chain of prime t-ideals of V [[{xλ}λ∈Λ]]1. Choose f i ∈ Q i \
Q i−1 for i = 1,2, . . . , s, where Q 0 = (0). There exists a ﬁnite subset F of {xλ}λ∈Λ such that |F |  2
and f i ∈ V [[F ]] for all i  1. Then (0) ⊂ Q 1 ∩ V [[F ]] ⊂ Q 2 ∩ V [[F ]] ⊂ · · · ⊂ Q s ∩ V [[F ]] is a chain of
prime t-ideals of V [[F ]] by Lemma 11. Therefore, s t-dim V [[F ]] = 2m − 1 (Theorem 9).
Let Spec(V ) = {(0) ⊂ P1 ⊂ P2 ⊂ · · · ⊂ Pm−1 ⊂ Pm = M}. By Lemmas 1, 4, 5, and 8, there exists
a chain (0) ⊂ q1 ⊂ q2 = P1[[F ]] ⊂ q3 ⊂ q4 = P2[[F ]] ⊂ q5 ⊂ · · · ⊂ q2m−2 = Pm−1[[F ]] ⊂ q2m−1 = M[[F ]]
of divisorial prime ideals of V [[F ]]. By Lemma 10, (0) ⊂ q1[[{xλ}λ∈Λ \ F ]]1 ⊂ q2[[{xλ}λ∈Λ \ F ]]1 =
P1[[{xλ}λ∈Λ]]1 ⊂ · · · ⊂ q2m−2[[{xλ}λ∈Λ \ F ]]1 = Pm−1[[{xλ}λ∈Λ]]1 ⊂ q2m−1[[{xλ}λ∈Λ \ F ]]1 = M[[{xλ}λ∈Λ]]1
is a chain of divisorial prime ideals of V [[{xλ}λ∈Λ]]1. Therefore t-ht(M[[{xλ}λ∈Λ]]1) 2m − 1.
Thus t-ht(M[[{xλ}λ∈Λ]]1) = 2m − 1 and t-dim(V [[{xλ}λ∈Λ]]1) = 2m − 1. 
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